Abstract. In this paper, the problem of stability analysis of a large-scale interconnection of nonlinear systems for which the small-gain condition does not hold globally is considered. A combination of the small-gain and density propagation inequalities is employed to prove almost input-to-state stability of the network.
1. Introduction. Nonlinear dynamical systems are known for having essentially more complex behavior than linear systems. This property makes the investigation of some properties such as stability and robustness challenging. Consequently, nonlinear systems also require mathematical tools that are different from the linear systems (e.g., [3, 14, 17, 19] ). In many applications nonlinear systems appear in form of interconnections [13] . These are often of large scale, especially in modern applications like power networks, interacting agents, logistics networks, etc.
In this paper, a network composed by an arbitrary number of interconnected nonlinear systems is considered. For each subsystem, a gain relating the system input to its state can be defined. This class of systems is known as input-to-state stable (ISS) systems [20] (see below for a precise definition, and see also [23] for the concept of input-output gains). For interconnected ISS systems, tools for the stability analysis include the so called small-gain theorems [6, 11] and constructions of a suitable function whose derivative is analyzed along the solutions of the network [7, 12, 15] .
Another approach, called dual to Lyapunov methods [16] , analyzes the integration of a suitable function along the solutions of differential equations. This method ensures certain stability properties, provided that mild conditions on the derivatives of functions governing its dynamics are met. These conditions are called density propagation inequalities [1] (see below for a precise definition).
Although both methods provide conditions for global stability properties of solutions, it is not always possible to employ a corresponding condition globally [5] . In this paper, the problem under consideration is to decide if solutions of a network composed by an arbitrary number of ISS systems converge to a neighborhood of the origin whose size is proportional to the magnitude of the input, when the small-gain condition is not satisfied everywhere. To motivate the reader, consider the following example. Let the function p : R ≥0 → R ≥0 be defined by (see also Figure 5 (Σ(u))
The reader will see below that each subsystem of (Σ(u)) is ISS. Note that, when u 1 = u 2 = u 3 = 0, this system has two equilibrium points: the origin and (2.5, 2.5, 2.5). This implies that the origin is not globally asymptotically stable and small-gain based methods cannot be applied to directly analyze the behavior of the solutions to this system. In fact the reader will see below that, for the class of systems illustrated by this example, the conditions to employ the small-gain theorem are satisfied in a neighborhood of the origin. In addition to this, they are also satisfied for essentially large values of the system states. The region where the small-gain theorem does not hold is located between these two. In this region, the dual to Lyapunov's method [1, 16] is employed.
In general the situation can be more complex since several gaps where the latter approach needs to be applied may exist. As shown below, such a case is handled by covering the state space with several (or infinitely many) domains in a way that the small-gain or the dual to Lyapunov's approach can be employed to each domain. In addition, tools to establish stability properties by combining both approaches are provided. Thus, the main contribution of this paper lies in a suitable combination of the small-gain and density-propagation conditions for this decomposition of the state space. A previous step in this direction was developed in [22] , where interconnections of two systems without external inputs were considered. The state space was split into three parts there, where different conditions were applied.
Paper outline. The remaining parts of the introduction presents the system under consideration, and recalls known concepts regarding graph theory. The required background on stability notions and known results are recalled in Section 2. Section 3 formulates the problem under consideration. The results are presented in Section 4. In particular, the main result is presented in Section 4.1. An illustration of the proposed approach is provided in Section 5. The proofs are provided in Section 6. A short conclusion and steps for further development of the research are presented in Section 7.
Notation.. Let k ∈ N. For vectors x, y ∈ R k , the notation • x y stands for x i ≤ y i , for every i = 1, . . . , k; • x ≺ y if and only if, for every i = 1, . . . , k, x i < y i ; • x y if and only if there exists i = 1, . . . , k such that x i > y i ; • x ∈ [a, b) \ {a} ⊂ R k if and only if a x ≺ b and x = a; • max{x, y} stands for the vector z whose components are z i = max{x i , y i }, for every i = 1, . . . , k. The notation |x| stands for the Euclidean norm of x ∈ R k . For a function u ∈ L ∞ loc (R ≥0 , R k ), the notation |u i | ∞ stands for ess sup{|u i (s)| : s ≥ 0}. Let A ⊂ R k be a compact set, |x| A denotes the point-set distance |x| A := inf y∈A |y − x| from x to A. An open (resp. closed ) ball centered at the set A ∈ R k with radius r > 0 is defined as B <r (A) = {x ∈ R k : |x| A < r} (resp. B ≤r (A) = {x ∈ R k : |x| A ≤ r}). Let S be a subset of R k containing the origin, the notation S =0 stands for S \ {0}. The closure of S is denoted by cl{S}. The convex closure of a set S is denoted by co{S}.
A continuous function f : S → R defined in a subset S of R k that contains 0 is positive definite if, ∀x ∈ S =0 , f (x) > 0 and f (0) = 0. The class of positive definite functions is denoted as P. It is proper if it is radially unbounded. By C s we denote the class of s-times continuously differentiable functions, by Lip loc the class of locally Lipschitz continuous functions. The set N denotes the class of strictly increasing functions, the set K := C ∩ P ∩ N denotes the class of continuous, positive definite and strictly increasing functions; it is denoted by K ∞ if, in addition, the functions are unbounded ; by L we denote the class of functions which are continuous, decreasing, and converging to 0 as their argument tends to +∞, by KL it is denoted the class of functions S × S → R which are class K on the first argument and class L on the second argument. Let c ∈ R >0 , the notation L c (f ) stands for the subset of S defined as {x ∈ S : f (x) c}, where is a comparison operator (i.e., =, <, ≥ etc). The support of the function f is the closure of the set of points where f is nonzero, i.e., supp f :
we denote the class of functions g : R ≥0 → R k that are locally essentially bounded. Let x,x ∈ R ≥0 , the notation x x (resp. x x) stands for x →x with x <x (resp. x >x). Consider a set of n interconnected systems. Each system is indexed by an integer i = 1, . . . , n and is described by the ordinary differential equatioṅ
where, for every positive value of the time t, the vector x i (t) ∈ R Ni denotes the system state, the vector x j (t) ∈ R Nj indexed by j = 1, . . . , n with j = i denotes the interconnecting input variable and the vector u i (t) ∈ R Mi denotes the external input variable for some integers, N i > 0, N j > 0 and M i > 0. Moreover, each corresponding function f i is assumed to have continuous derivatives, i.e., f i ∈ C 1 (R N +Mi , R Ni ) and to satisfy f i (0, 0) = 0, where N = n i=1 N i . From now on, the dependence on t will be omitted.
Inputs to system (1.2) are functions
2) with initial condition x i , fixed inputs x j and u i to system (1.2), and computed at time t is denoted by X i (t, x, u i ), where
The resulting interconnected system, called network, is given bẏ
Stability Notions and Known Results.
The following definition provides a unified framework to deal with systems with multiple inputs.
) is said to be a monotone aggregation function (MAF) if, for every vectors x, y ∈ R p , the function η is M 1 . Strict increasing: x ≺ y ⇒ η(x) < η(y); M 2 . Radially unbounded: |x| → ∞ ⇒ η(x) → ∞; The space of monotone aggregation functions is denoted by MAF p and η ∈ MAF q p denotes a vector of monotone aggregation functions, i.e., for every j = 1, . . . , q, η j ∈ MAF p .
The concept of stability that is used throughout this work is recalled in the next definition.
Definition 2.2 ( [5, 21] ). System (1.2) is said to be input-to-state stable if there exist a monotone aggregation function η i ∈ MAF n+1 , ISS gains γ ij , γ iu ∈ K ∞ , and a function β i ∈ KL such that, for every initial condition x i ∈ R Ni , and for every inputs x j and u i to system (1.2), the solution X i (·, x u i ) of (1.2) satisfies the inequality
In other words, if the system (1.2) is ISS, then its solutions converge to a closed ball centred at the origin with radius given by a combination of the norms of x j , where j = i, and u i . This concept is also characterized by the existence of the particular function recalled below.
) is said to be a candidateLyapunov function for (1.2) if there exist functions α i , α i ∈ K ∞ such that the following inequalities
Ni . For such functions the Clarke's generalized gradient is given by [4, Theorem 8.1]
In other words, the Clarke's generalized gradient is the convex closure of the set of vectors ξ i ∈ R Ni for which the derivative of V i computed at the elements of the convergent sequences exists and converges towards ξ i .
Definition 2.4 (Based on [7] and [21] ). For each index i = 1, . . . , n let V i be a candidate-Lyapunov function for (1.2). The adjective "candidate" is replaced by "ISS" if there exist a monotone aggregation function η i ∈ MAF n+1 , internal ISS-Lyapunov gains γ ij ∈ K ∞ , an external ISS-Lyapunov gain γ iu ∈ K ∞ and a function α i ∈ K ∞ such that the condition
implies that the inequality
holds, for every x ∈ R N , for every u i ∈ R Mi , and for every ξ i ∈ ∂V i (x i ).
Assumption 2.5. For every i = 1, . . . , n, there exists an ISS-Lyapunov function for the corresponding system (1.2).
Assumption 2.5 implies that each subsystem (1.2) is ISS [7, 21] . This allows the construction of the matrix of internal gains ( [7] )
that collects the ISS-Lyapunov gains and describes the network structure (the network graph). Consider the map
and define
Note that, when Γ is irreducible and due to the fact that Γ η ∈ K n ∞ , for every vectors
Following [7] , the monotone operator Γ η is said to satisfy the global small-gain condition if
In other words, for every vector s ∈ R n >0 , there exists an index j such that the inequality η j (γ j1 (s 1 ), . . . , γ jn (s n )) < s j holds.
Condition (GSGC) implies the existence of a curve or path such that the monotone operator Γ η is strictly smaller than the identity map, when it is computed along this path. Another important characteristic of this path is that a Lyapunov function can be constructed from such a path called Ω-path.
Sufficient conditions for the existence of Ω-paths are given in [7, Theorem 5.2] . Also, the problem of finding Ω-paths locally has been considered in [8, 5] . The existence of these paths is the main ingredient used in [7, Theorem 5.2] to prove the stability of a network employing the small-gain theorem.
3. Problem Formulation and Main Assumption. Consider the network (1.3) composed of the ISS subsystems described in Equation (1.2). When the smallgain condition (GSGC) holds only in regions of R n >0 that correspond to regions in the state space described by the ISS-Lyapunov functions V 1 , . . . , V N (see Figure 3 .1 below for details), the result ([7, Theorem 5.2]) allowing one to deduce the stability of (1.3) cannot be employed.
The main purpose of this paper is to deal with such a situation. To this end we divide the state space of the network (1.3) into a sequence of closed sets Figure 3 .1) such that the small-gain theorem can be employed to show that solutions to system (1.3) remain close and eventually converge to a neighborhood of each of the sets A j index by j = 1, . . . , L. Inside the sets A j , where j = 1, . . . , L, the dual to Lyapunov's techniques [1, 16] are employed to show convergence of solutions.
The proposed approach extends the results of [7, 5] and [22] . The first assumption concerns the existence of an appropriate parametrization of the positive orthant along which the monotone operator Γ η is smaller than the identity function.
Assumption 3.1. For each index i = 1, . . . , n, there exists a constant value M i and an element M i ∈ R ≥0 ∪ {∞} satisfying the inequalities 
iii. For every index i = 1, . . . , n, σ iv. For every compact set K ⊂ (m, m) there exist constant values 0 < c < C such that, for every index i = 1, . . . , n, the inequality
holds at every point r ∈ K where the function σ
is differentiable. In other words, Assumption 3.1 states that, for every value r ∈ (a, b), and for every index i = 1, . . . , n, the inequality Γ η,i (σ(r)) < σ i (r) holds. Note that, when M = 0 and M = ∞, the D-path is an Ω-path. Condition (i) states that, along the path parametrized by σ, Γ η is strictly smaller than its argument. Conditions (ii) and (iii) are employed to show that, if given inequalities are satisfied, an ISS-Lyapunov function can be constructed for system (1.3).
Results.
The existence of a D-path σ with respect to the monotone operator Γ η is the main ingredient for the construction of an ISS-Lyapunov function for system (1.3) . This is formalized in the main result of this paper.
Proposition 4.1. Under Assumptions 2.5 and 3.1, consider the D-path σ :
holds, for every r ∈ (a, b), given the function
there exist a constant value δ u > 0 and a function α ∈ K ∞ such that the condition implies that the inequality
holds, for every (x, u) ∈ (B \ A) × B ≤δu , and for every ξ ∈ ∂V (x), where the sets A and B are given by
where g = max i=1,...,n {m, Γ η,i (m, . . . , m)} and
In other words, Proposition 4.1 states that solutions to system (1.3) that start in the set B \ A converge to a closed ball centered at the set A with radius proportional to the norm of the input. This proof is based on the proof of [7, Theorem 5.2] and it is provided in Section 6.1.
Two particular cases follow from Proposition 4.1. given and denoted, respectively, as 
where
, the set of inequalities (4.2) holds for system (1.3) with the function V and set B given and denoted, respectively, as
The proof of these corollaries can be derived from Proposition 4.1 using the techniques from [5, 7] .
ISS of system (1.3) follows trivially if the constants M 0 and M ∞ satisfy the inequality g ∞ ≺ m 0 . When this is not the case, solutions to (1.3) starting in B ∞ may converge to a set contained in A ∞ \ B 0 (see [10, Birkhoff's Theorem] ). This set may lie outside a closed ball centered in the origin and with radius proportional to the norm of the input. Motivated by this discussion, the next result presents a criterion to check the behavior of solution inside this set.
Before stating it, a concept of stability based on the one introduced in [1] is given. Definition 4.4. System (1.3) is said to be almost input-to-state practically stable (aISpS) if it is locally uniformly asymptotically stable, and there exists a function γ ∈ (C ∩ N )(R >0 , R ≥0 ) satisfying γ(0) = 0 (possibly discontinuous at zero) such that, for every input u for system (1.3), the inequality
holds, for almost every x ∈ R N . If γ can be chosen as a function of class K ∞ then system (1.3) is said to be almost input-to-state stable (aISS). In particular, when |u| ∞ = 0, system (1.3) is said to be almost globally asymptotically stable (aGAS).
The reader may note that difference between the aISpS and aISS concepts consists of the discontinuity of γ at zero. The next assumption concerns the behaviour of the derivative of the vector field f in the regions where the D path is not defined.
holds, for every x ∈ D, and for every u ∈ R M ; At this point, the second result of this paper can be stated. 
holds and S cl{D}, then system (1.3) is aISS (resp. aISpS).
In other words, under Assumptions 2.5, 3.1 and 4.5, for almost every initial condition issuing solutions to (1.3) converge to a ball centered at the origin with radius proportional to the norm of the input. Moreover, the trajectories that do not converge to this ball have Lebesgue measure zero. This is the result needed to solve the problem under consideration in this paper. Its proof is provided in Section 6.2. 
holds, for almost every x ∈ D, then system (1.3) is aGAS. The proof of Corollary 4.7 can be sketched as follows. Since the input u is fixed to zero, from Corollary 4.2 (resp. 4.3) the origin (resp. the set A ∞ ) is locally (resp. globally) asymptotically stable (resp. attractive). From the fact that inequality (4.7) holds and the existence of a function ρ satisfying the inequality (4.8), for almost every initial condition, solutions of (1.3) will remain close and converge to the origin. Thus, system (1.3) is aGAS.
Note that in contrast to Theorem 4.6, in Corollary 4.7 there is no need to assume the existence of the continuous function Q satisfying the inequality Q(x) > 0 for almost every x ∈ D. If (4.8) holds, then Q can be obtained by letting Q(·) = div(ρf )(·)/2. However one cannot do the same in Theorem 4.6 since inequality (4.6) should hold uniformly with respect to the input u. 
For every index j = 1, . . . , L, define the values
and the sets -
• Let also Assumption 4.5 holds with -Functions ρ j and sets D j . If, for every index j = 0, . . . , L, the inclusion S j cl{D j } holds, then system (1.3) is aISS (resp. aISpS). Moreover, if for some index j = 1, . . . , L, Assumption 3.1 (resp. 4.5) fails then, for every input u for system (1.3), and for almost every initial condition, solutions to system (1.3) will converge to a neighborhood of the set B j (resp. A j+1 ).
Theorem 4.8 states that, if there exists a countable union of regions where the Assumption 3.1 holds, and another countable union of regions where Assumption 4.5 holds, and if the overall union covers the state space, then system (1.3) is aISS (resp. aISpS). The proof of Theorem 4.8 is provided at section 6.3.
Note that Theorem 4.6 is a corollary of Theorem 4.8.
Illustration.
Despite an intuitive clarity of the theoretical result a composition of a suitable illustrative example was a very challenging and nontrivial task. The main difficulty is that the domains where the small-gain and the "almost positiveness" of divergence conditions hold should cover the whole phase space of the network (1.3) without any gaps. For this purpose, recall the function Let n = 3 and recall the system evolving in the positive orthant described by
There is no loss of generality in considering this kind of system, since it may also represent the derivative of candidate Lyapunov functions computed along the directions of interconnected higher dimensional systems (see also [2] ). Using vector notation, system (Σ(u)) is denoted byV = f (V, u). The notation (Σ(0)) stands forV = f (V, 0) with u ≡ 0. Note that system (Σ(0)) has two equilibrium points: the origin and the point V = (2.5, 2.5, 2.5). Thus, the origin is not globally asymptotically stable for (Σ(0)). Hence, small-gain based methods cannot be applied in this case. It remains to check whether the system (Σ(u)) is aISS/aISpS.
Consider the first order approximation of (Σ(0)) at V , i.e., the systemV = AV , where A = ∂f ∂V (V , 0). Note that the matrix A has its three eigenvalues equal to zero. This implies that V is locally marginally stable [9, pp. 73].
Subsystems are ISS. To show that each subsystem of (Σ(u)) is ISS, the ISSLyapunov gains of each subsystem are computed. As the reader will see below, there exist no ISS-Lyapunov gains such that the small-gain condition can be satisfied. To show this claim, an analysis of the polynomial p is provided. Note that p has a root at zero and three critical points: 1, 2.5 (a saddle point), and 4. Thus, it cannot be inverted. Define, for every r ≥ 0, the discontinuous and strictly increasing unbounded function
where roots(p(ξ) − r = 0) denotes the real roots of the equation p(ξ) − r = 0. Note that, in the intervals where p is strictly monotone, the definition of I p corresponds to the inverse function of p. Define, for every r 1 , r 2 , r 3 ∈ R ≥0 , the functions κ(r 1 , r 2 , r 3 ) := r 1 + r 2 + r 3 η(r 1 , r 2 , r 3 ) :
where ε ∈ (0, 1) is a constant value. From the definition of these functions, for every ε ∈ (0, 1) the condition
implies that the inequalityV
holds, for every (V i , V j , V k ) ∈ R ≥0 ×R ≥0 ×R ≥0 , for every u i ≥ 0, and for every indexes i, j, k = 1, 2, 3 with j = i = k and j = k. Note that the set of inequalities (5.2) also holds if I p is replaced by any function I * p of class K ∞ satisfying I * p (·) ≥ I p (·). Thus, the subsystems of (Σ(u)) are ISS (cf. (2.1)) . Figure 5 .2 shows a plot of the functions I p , η and γ ij on a particular vector.
Note that the set of inequalities (5.2) do not hold if I p is replaced by a function I * p ∈ K ∞ satisfying I * p (τ * ) < I p (τ * ) at some point τ * ≥ 0. More precisely, Claim 5.1. For any function I * p ∈ K ∞ such that the inequality I * p (τ * ) < I p (τ * ) holds for some τ * ∈ R ≥0 , there exists a quadruple
implies that the inequalityV i > 0 holds. Claim 5.1 gives a lower estimate for the tightest gain function. The proof of Claim 5.1 is provided at the end of this example.
The monotone operator (2.3) is given, for every (s, r) ∈ R
Note that, for every r ∈ (1.75, 5.5), the inequality I p (r) > r holds. This implies that the monotone operator Γ η is such that Γ η (s) s, for every s ∈ (1.75, 5.5) 3 . Moreover, from Claim 5.1, there exist no other ISS-Lyapunov gains such that Γ η (s) s, for every s 0. This motivates the method proposed in this paper. Application of the proposed method. Since function (5.1) is strictly increasing, two functions of class K ∞ can be defined as
where h 0 (resp. h ∞ ) is a function of class K ∞ (resp. K) satisfying the inequality
Two monotone operators can be defined with the functions I p0 and I p∞ as follows. Note also that letting the constant value M 0 = (1.75, 1.75, 1.75) (resp. M ∞ = (12, 12, 12)) the inequality 2Γ η0 (s) ≺ s (resp. 2Γ η∞ (s) ≺ s) holds, for every s ∈ (0, M 0 ) (resp. s ∈ (M ∞ , ∞)). This implies that Assumption 3.1 holds on the sets (0, M 0 ) and (M ∞ , ∞) of R 3 with the D paths 
defined for any values b 0 > 0 and a ∞ > 0. Consequently, the following inequalities
Define the function σ (·) = min i=1,2,3 {σ (·) i }, where ∈ {0, ∞}. Since 2Γ η (0, r) ≺ (r, r, r)
T , for every r > 0, from the obtained D-paths,
This implies that the inequalities
hold.
Note that g ∞ = max i=1,2,3 {12, Γ η∞,i (12, 12)} ≤ 12. From Corollary 4.2 (resp. 4.3) solutions to system (1.3) will remain close and eventually converge towards a ball centered at the origin (resp. at the set A ∞ = V ∈ R 3 ≥0 : V i ≤ 12, i = 1, 2, 3 ) with radius proportional to the norm of the input. Since 1.75 = m 0 < g ∞ = 12, it remains to check whether the solutions of (Σ(u)) starting in the set S := cl{A ∞ \ B 0 } (i.e. the difference between the global attractor and the estimation of the region of local attraction), where B 0 = {V ∈ R 3 ≥0 : V i < 1.75, i = 1, 2, 3}, will converge to a closed ball centered at the origin with radius proportional to the norm of the input.
Direct calculation shows that the inequality div f (V, u) ≤ 0 holds, for every (V, u) ∈ R 3 ≥0 × R 3 ≥0 . To satisfy the assumptions of Theorem 4.6 the following density function
is employed.
The divergence of the function ρf yields, for every (
≥0 , the equation
where Figure 5 .4 shows the function g evaluated along the axis (1, 1, 1) with u ≡ 0, and on the interval (0, 6). Note that the inequality (div ρf )(V, 0) > 0 holds, for almost every V ∈ (1, 13) 3 . The function div ρf has the same sign as the function g. Moreover, denotinḡ u = (maxi=1,2,3 ui)/ 10 , the inequality
. Note that, for any ε ∈ (0, 1), the condition g(V, 0) ≥ū/(1 − ε) implies that the inequality g(V, u) > 0 holds. From now on, fix ε = 0.05. To see that the density propagation condition (4.6) holds, define the function I g : R ≥0 → R 3 ≥0 where each component i = 1, . . . , 3 is given by
where max{V i : g(V, 0) − r = 0} returns the largest V i ∈ R ≥0 that corresponds to the level set g(V, 0) = r. Note that (I g ) i , i = 1, . . . , n is strictly increasing and continuous everywhere except the origin. ∈ (1, 13) 3 . Moreover, in this set the condition
holds. In conclusion, the stability analysis of this system could not be performed using small-gain condition, since it does not hold globally. Also, for the chosen function ρ, the "positiveness" of the divergence condition does not hold globally as well (it is negative on a set of measure larger than zero containing the origin, and vanishes when |V | → ∞).
Proof.
[of Claim 5.1] Assume that τ * ∈ (0, 1.75). This value corresponds to the existence of a triple ( assumption, there exists a function I *
From the definition of the functions I p , γ ij , γ ik and γ iu , together with the fact that p is strictly increasing on (0, 1.75), the above equation is equivalent to the inequality
This implies, from the definition of the each subsystem of (Σ(u)), thatV i > 0. The case for τ * ≥ 1.75 is parallel. This concludes the proof of Claim 5.1. Proof. [of Claim 5.2] Let u be such thatū = (maxi=1,2,3 ui)/ 10 = 0. This implies that the inequality I g (ū/0.95) (2.5, 2.5, 2.5) holds. Applying the function V → g(V, 0) on this inequality yields g(V, 0)0.95 ≥ū, because the function V → g(V, 0) is strictly increasing for V (2.5, 2.5, 2.5). Thus, the inequality g(V, 0) −ū ≥ 0.05g(V, 0) =: Q(V ) holds. Moreover, the function Q is strictly positive for almost every V ∈ (1.3, 12) . This concludes the proof of Claim 5.2.
6. Proofs. The proofs presented here are based on the techniques from [1, 6, 7, 16, 18, 22] . ∈ (a, b) , define the function
From the continuity of the monotone operator Γ η and the strict inequality, the function φ is defined, for every point on its domain. Moreover, φ(·) > 0. Thus, there exists a function ϕ ∈ K ∞ satisfying the inequality ϕ(r) < φ(r), for every r ∈ (a, b).
Define the set
pick an x ∈ int(R) and let I be the set of indexes i for which
where σ i is the i-th component of the D-path σ.
For the time being, assume (the proof of the existence is provided below) that there exists a constant value δ u > 0 such that the inequality
holds, for every u ∈ B ≤δu . Using the abbreviation r := V (x), the inequality
holds, for every r ∈ (a, b). Assume, without loss of generality, that I = {1}. Denote the first component of Γ η by Γ η,1 . Inequalities (6.2) and (3.1) implies that the inequality
holds.
Since ϕ is continuous and strictly increasing on its domain, inequality (4.2a) implies that γ iu (|u i |) ≤ ϕ(r) holds, for every index i = 1, . . . , n. This implies that the inequality
Since, from (6.2), r = σ
), inequalities (6.3) and (6.4) imply that the condition
holds. From Assumption 2.5, this implies that the inequality
holds, for every ξ 1 ∈ ∂V 1 (x 1 ). It now remains to show that (6.6) implies that the inequality (4.2b) holds. From the chain rule for Lipschitz continuous functions [4, Theorem 2.5], for each index i = 1, . . . , n, the inclusion
Note that c i is bounded away from M i and M i , because of (3.2). Pick δ satisfying m < δ < m and define the positive definite function α i (δ) = c δ,i α i (δ), where c δ,i is the constant corresponding to the compact set
Define, for every scalar y ∈ (0, |x − M |), the class-K ∞ function
Note that, for such a choice of y and the fact that |x − M | = y, the norm
) is strictly larger than M . Inequality (6.6) and function (6.7) imply that the inequality
holds, for every ξ 1 ∈ ∂V 1 (x 1 ). Note that the right-hand side of this inequality depends on x and not only on x 1 . The same argument applies for all other indexes i ∈ I.
Since V is obtained through maximization, from [4, Exercise 4.6 .c], the inclusion
holds. This implies that every ξ ∈ ∂V (x) can be decomposed into a sum of n components. More precisely, the equation
holds, for suitable scalars λ i ≥ 0 satisfying
It now remains to show that the above conclusion also holds for every x in the set
with at least one component i = 1, . . . , n satisfying V i (x i ) > M i and (possibly) other components j = 1, . . . , n with j = i satisfying the inequality V j (x j ) ≤ M j . To see this claim, first note that B is nonempty, pick an x ∈ B and assume, without loss of generality, that I = {1} and V 2 (x 2 ) ≤ M 2 . Inequality (6.2) is rewritten as
and implies that V 1 (x 1 ) = σ 1 (V (x)). Let r := V (x), inequality (3.1) implies that
By assumption, inequality (4.2a) holds. This implies that the inequality γ iu (|u i |) ≤ ϕ(r) holds for every index i = 1, . . . , n. Consequently, the inequality
From the fact that V 2 (x 2 ) ≤ M 2 and γ 12 ∈ K ∞ , inequalities (6.3) and (6.4) imply that
Thus, inequality (6.6) holds and the previous reasoning can be repeated for different choices of the set I and indexes j.
For the sake of completeness, assume that x ∈ B is such that I = {1}, and for every index j = 2, . . . , n, the inequality V j (x j ) ≤ M j . This implies that the inequality
holds. From (3.1), inequality (6.3) holds. By assumption, inequality (4.2a) holds which implies (6.4). Inequalities (6.3) and (6.4) imply that
Thus, inequality (6.6) holds.
Let the set
From the above reasoning, the condition
holds, for every (x, u) ∈ B \ A × B ≤δu , and for every ξ i ∈ ∂V i (x i ). Since Γ η is monotonically increasing and m = max i=1,...,n M i , the inequality
. . , m, m, . . . , m)} holds, for each index i = 1, . . . , n. This implies that A ⊂ A. Note also that B ⊂ B. Thus, the condition (4.2a) implies that inequality (4.2b) holds. It remains to show that the constant value δ u > 0 always exists. Note that, when u ≡ 0, the above proof implies that solutions to system (1.3) starting in set B \ A will remain close to the set A and eventually converge to it. Consequently, solutions to system (1.3) starting in set A will remain in this set for all positive times. This implies ( [21] ) the existence of a function γ ∈ K ∞ and a constant value δ u such that, for every (
M ) with |u| ∞ < δ u , the inequality lim t→∞ |X(t, x, u)| A ≤ γ(|u| ∞ ) holds. Thus, there exists a value δ u > 0 such that the condition (4.2a) implies the inequality (4.2b). This concludes the proof of Proposition 4.1.
6.2. Proof of Theorem 4.6. This proof is divided into three parts. The first one shows that solutions starting in B ∞ converge to a vicinity of S and the solutions starting in B 0 converge to the ball centered at the origin with radius proportional to the norm of the input. The second part shows that almost all solutions starting in S converge to a vicinity of B 0 . The third part concludes the aISS/aISpS of the system (1.3).
1st part. Under Assumptions 2.5 and 3.1, Corollaries 4.3 and 4.2 holds. Consider the sets A ∞ and B 0 defined in Equations (4.4) and (4.5), respectively. By assumption, inequality (4.7) holds. This implies that
Corollary 4.3 (resp. Corollary 4.2) implies that the solutions to system (1.3) starting in the set B ∞ (resp. in B 0 ) converge to a ball centered at A ∞ (resp. to the origin) with radius proportional to the norm of the input.
In other words, there exists a function γ ∞ ∈ K ∞ (resp. γ 0 ∈ K ∞ ) such that, for every initial condition x ∈ B ∞ (resp. x ∈ B 0 ), and for every input u for system (1.3), the limit
resp. lim
exists, for every component i = 1, . . . , n of the solution X to system (1.3). 2nd part. Let the constant
In other words, the value d is the distance between the sets A ∞ and R N \ (D ∪ A ∞ ). Since the strict inclusion cl{D} S holds, d > 0. Thus, if the values of input u of system (1.3) are such that γ ∞ (|u|) ≤ dε, for a fixed ε ∈ (0, 1), then from the analysis of the 1st part the components of solutions to (1.3) with initial condition x ∈ B ∞ satisfy the inequality
for every index i = 1, . . . , n. Consequently, there exists a finite time T such that X(T,x, u) ∈ D ∩ B ∞ . Note that if γ ∞ (|u|) ≥ d, then there might not exist a finite time T such that the solution X belongs to the set D ∩ B ∞ , because this intersection is an open set. In this a case, however, solutions will remain in a ball centered at A ∞ with radius γ ∞ (|u|).
The proof proceeds by showing that, for almost every initial condition in D, issuing solutions of (1.3) converge to a ball centered at B 0 with radius proportional to the norm of the input. To do so, the same lines as in [22, 16, 1] are followed.
Together with Assumption 4.5, let Z ⊂ R N be the set defined as
In other words, Z is the set of initial conditions in D such that the corresponding solutions to (1.3) starting at the set D remaining outside a closed ball centered at B 0 with radius γ(|u|). The objective of this part of the proof is to show that Z has Lebesgue measure zero.
For every t ∈ R, let the set
where dom(z) is the maximum time interval where the solution X(t, z, u) of (1.3) exists.
Since for every γ ∈ K, the set B ≤γ(|u|) (A ∞ ) is positively invariant, the set Z is also positively invariant. Thus, given a fixed τ > 0, for every time t ≥ τ , the includion X(t, Z, u) ⊂ X(τ, Z, u) holds. Hence, the inequality
holds, for all positive times t, where ρ ∈ C 1 (D, R >0 ) and supp(ρ) ⊃ D by assumption. From [1, Lemma A.1], the equation
for every positive time t. From the inclusion Z ⊂ D, for every t ≥ 0, the inequality
holds. Together with inequalities (6.11) and (4.6),
Consequently, inequality (6.12) implies that, for every positive time t, the equation
holds. This follows from the fact that, for almost every x ∈ D, the inequality Q(x) > 0 holds. Thus, for every t ≥ 0, the set X(t, Z, u) has Lebesgue measure zero. In particular, Z has also Lebesgue measure zero. Consequently, for almost every x ∈ D, the inequality lim sup
holds. 3rd part. It remains to verify if solutions to (1.3) starting in the set B ∞ and converging to Z have also measure zero.
Since Z is positively invariant, for every two time instants satisfying t 1 < t 2 ≤ 0, the inclusion X(t 2 , Z, u) ⊂ X(t 1 , Z, u) holds. Let the set
be the union of initial conditions whose solutions to (1.3) converge to the set Z.
To see that X is measurable, note that the set X is a countable union of images of Z by the flow. Moreover, Z is measurable and, for every time t ∈ dom(x), the map Z x → X(t, x, u) is a diffeomorphism 2 . For every time t ∈ dom(Z), the inequality
holds, because Z has measure zero. This implies that, for all times t ∈ dom(Z), the set X(t, Z, u) has measure zero. Since X is a countable union of sets of measure zero, it has also measure zero.
3 Hence the set of trajectories of solutions starting in B ∞ that converge to Z have also measure zero.
From inequalities (6.9), (6.10) and (6.13), for almost every initial condition x ∈ R N , and for every input u ∈ L ∞ loc (R ≥0 , R M ) for system (1.3), the inequality lim sup t→∞ V i (X i (t + T, x, u)) ≤ γ(|u| ∞ ) holds, for every component i = 1, . . . , n of the solution X to system (1.3), with the continuous (except possibly at the origin) and strictly increasing function γ(·) = min{γ 0 (·), g ∞ + γ ∞ (·), m 0 + γ(·)}. Thus, system (1.3) is almost (practically) inputto-state stable. This concludes the proof of Theorem 4.6. Remark 6.1. Note that the convergence of solutions starting in B ∞ towards D depends on the value of the constant value d. Since it can be arbitrarily small, solutions may not converge towards D but they will remain in a ball centered at A ∞ with radius γ ∞ (|u|). Consider Assumptions 2.5 and 3.1 holding for each index j = 0, . . . , L and the existence of the existence of the function ϕ j . Proposition 4.1 implies that there exists a function η j ∈ K ∞ such that, for every initial condition x ∈ B j \ A j , and for every input u ∈ L ∞ loc (R ≥0 , R M ) for system (1.3), the inequality lim t→∞ V i (X i (t, x, u)) ≤ g j + η j (|u| ∞ ) (6.14)
holds, for every component i = 1, . . . , n of the solution X to system (1.3). In other words, solutions to system (1.3) starting in the set, j = 1, . . . , L (resp. in B 1 \ A 1 in the case when S 0 = ∅) converge to a ball centered at A j (resp. to the origin) with radius proportional to the norm of the input. Analogously to the lines of the second part of the proof of Theorem 4.6 with S := S j , for every index j = 0, . . . , L, there exists a function ζ j ∈ (C ∩ N )(R >0 , R ≥0 ) satisfying ζ j (0) = 0 (and possibly discontinuous at zero) such that, for almost every initial condition x ∈ S j (resp. in S 0 ), and for every input u ∈ L ∞ loc (R ≥0 , R M ) for system (1.3), the inequality lim sup t→∞ V i (X i (t, x, u)) ≤ m j + ζ j (|u| ∞ ) (6.15) holds, for every component i = 1, . . . , n of the solution X to system (1.3). In other words, solutions to (1.3) converge to a ball centered at B j (resp. to the origin) with radius proportional to the norm of the input. Analogously to the third part of that of the proof of Theorem 4.6 and from inequalities (6.14) and (6.15), for every initial condition x ∈ R N , and for every input u ∈ L ∞ loc (R ≥0 , R M ) for system (1.3), the inequality lim sup t→∞ V i (X i (t + T, x, u)) ≤ ω(|u| ∞ ) holds, for every component i = 1, . . . , n of the solution X to system (1.3) with the the continuous (except possibly at the origin) and strictly increasing function ω(·) = min j=0,...,L {g j + η j (·), m j + ζ j (·)}. Now if for some index j ∈ {1, . . . , L} Assumption 2.5 or 3.1 fails then a solution to (1.3) starting in the set B j \ A j (resp. in B 1 \ A 1 in the case when S 0 = ∅ and j = 0) does not necessarily converge to a vicinity of A j (resp. of the origin). However, this solution will always converge to a ball centered at B j with radius proportional to the norm of the input due Assumption 4.5 (i.e., due to the density propagation condition (4.6)).
A similar situation happens if for some index j ∈ {0, . . . , L} Assumption 4.5 does not hold, this implies that the density propagation condition (4.6) fails. Consequently, solutions to system (1.3) starting in the set A j+1 \ B j will remain in a neighborhood of the set A j+1 with radius proportional to the norm of the input. This concludes the proof of Theorem 4.8.
7.
Conclusion. The stability analysis of a network composed by ISS systems is usually performed in terms of the small-gain theorem. This work considered the case in which the small-gain theorem cannot be employed globally.
To tackle this problem, a suitable combination of small-gain and density propagation conditions is proposed by decomposing the state space into regions where the former or the later method can be employed.
An example that motivates and illustrates this research is provided. The developed stability result is rather general and applies to a wide class of nonlinear systems.
